TOPICS IN HIGHER RAMIFICATION THEORY:
RAMIFICATION IDEALS

FRANZ-VIKTOR KUHLMANN

ABSTRACT. We introduce and study several notions in the setting of higher ram-
ification theory, in particular ramification ideals and differents. After general re-
sults on the computation of ramification ideals, we discuss their connection with
defect and compute them for Artin-Schreier extensions and Kummer extensions
of prime degree equal to the residue characteristic, with or without defect. We
present an example that shows that nontrivial defect in an extension of degree
not a pime may not imply the existence of a nonprincipal ramification ideal. We
compute differents for the mentioned extensions of prime degree, after computing
the necessary traces, and discuss the question when they are equal to the anni-
hilator of the Kéahler differentials of the extension. Further, we introduce and
study the ideal generated by the differents of the elements of the upper valuation
rings in such extensions.

1. INTRODUCTION

Higher ramification theory is the theory of valued field extensions £ = (L| K, v)
where (K, v) has positive residue characteristic p and is its own absolute rami-
fication field (see Section 2.2). The latter means that (K, v) is henselian, its
value group vK is divisible by all primes different from p, and its residue field
Kwv is separable-algebraically closed. The absolute Galois group Gal K*P|K,
where K®P denotes the separable-algebraic closure of K, is then a p-group. This
implies that every finite Galois extension of K is a tower of Galois extensions of
degree p. In equal characteristic, i.e., if char K = char Kv = p, the latter are
Artin-Schreier extensions, and in mixed characteristic, i.e., if char K = 0
and char Kv = p, they are Kummer extensions because K contains all p-th roots
of unity (see Section 3.3).

Since (K, v) is henselian, the extension is unibranched, that is, the extension
of v from K to L is unique. We will assume this for all extensions that we discuss
in the sequel.

Our interest in higher ramification theory owes its existence to the following well
known deep open valuation theoretical problems in positive characteristic:

1) local uniformization, the local form of resolution of singularities in arbitrary
dimension,
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2) decidability of the field F,((¢)) of Laurent series over a finite field F,, and of its
perfect hull, where ¢ is a power of a prime p.

Both problems are connected with the structure theory of valued function fields
of positive characteristic p. The main obstruction here is the phenomenon of the
defect, which we define in Section 2.1. For background on the defect and its impact
on the above problems, see [10, 11, 12, 13, 15, 17, 20, 18].

Via ramification theory, the study of defect in extensions of arbitrary finite degree
can be reduced to the investigation of purely inseparable extensions and of Galois
extensions of degree p = char Kv > 0. This is explained e.g. in [4, Section 2.1].
Defects of Galois extensions €& = (L|K,v) of prime degree have been classified
(“dependent” vs. “independent” defect) first in [14] for the equal characteristic
case and then in [23] in general. Theorem 1.4 of [23] presents various criteria for
independent defect.

One of them uses the ramification ideal I¢, which we define in Section 2.4. Sec-
tion 3 is then devoted to the computation of ramification ideals. Starting with a
first approach described by Ribenboim in [31] we develop more elaborate compu-
tations. Of particular interest is the case of extensions that have valuation bases;
for this notion, see Section 2.5. Based on this, we treat towers of two Galois exten-
sions where the upper one has a valuation basis, which we need for the example in
Section 3.4 below.

In Section 3.2 we discuss the correlation between defect and the existence of
nonprincipal ramification ideals. While it is true that a finite Galois extension
without defect has only principal ramification ideals, the converse does not hold.
We give an example for this phenomenon in Section 3.4 for the equal characteristic
case. An example for the mixed characteristic case will be added in a later version
of this manuscript.

In Section 3.3 we first compute the unique ramification ideals I¢ for Galois ex-
tensions € = (L|K,v) of degree p = char Kv without defect; the results are applied
in [5]. We then take a closer look at the unique ramification ideals Iz for Galois
extensions £ = (L|K,v) of degree p = char Kv with defect which are computed in
[4].

Further notions used in [23, Theorem 1.4] are:

e The trace Tr |k of the maximal ideal M of the valuation ring Op of (L,v).
In [22] we will compute the trace Tr ;] for arbitrary (possibly fractional) Op-
ideals 1.

e The different of (L|K,v), which is D(O.|Ok) = Or 1 C(OL|Ok), where
C(OL|Ok) := (z € L | Tr(20L) C Ok) is the fractional Op-ideal called the
complementary ideal (cf. [34, Ch. V, §11]). The computation of differents uses
traces. The different for Galois extensions (L|K,v) of prime degree with defect is
computed in [4], making use of the fact that v = vK in this case. For the case

without defect it is not computed in [5], and we will present the computations in
[22].

e The Kahler differential Qp, |o,, i.e., the module of relative differentials of the ring
extension Op|Of . For Galois extensions of prime degree with defect the Kéahler
differentials are computed in [4], and for the corresponding case without defect in
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[5]. In [4], the annihilators of the Kahler differentials are determined for the defect
case. For the case of extensions without defect we will do the same in [22]. There
we will also compare them to the corresponding differents. In the classical cases
they are equal, but in general this is not true, and we will classify the cases where
equality holds.

2. PRELIMINARIES

2.1. The defect.

For basic facts from valuation theory, see [6], [7], [29], [33], [35].

Take a valued field (K, v). We denote its value group by v K, its residue field by
Kwv, its valuation ring by O , and its maximal ideal by M . For a € K, we write
va for its value and av for its residue.

A valued field extension (L|K,v) is unibranched if the extension of v from K
to L is unique. Note that a unibranched extension is automatically algebraic, since
every transcendental extension always admits several extensions of the valuation.
A valued field (K, v) is henselian if it satisfies Hensel’s Lemma, or equivalently, if
all of its algebraic extensions are unibranched.

If (L|K,v) is a finite unibranched extension, then by the Lemma of Ostrowski
[35, Corollary to Theorem 25, Section G, p. 78]),

(1) [L:K] =7p" (vl :vK)[Lv: Kv],

where v is a non-negative integer and p the characteristic exponent of Kv, that
is, p = char Kv if it is positive and p = 1 otherwise. The factor d(L|K,v) := p”
is the defect of the extension (L|K,v). We call (L|K,v) a defect extension if
d(L|K,v) > 1, and a defectless extension if d(L|K,v) = 1. Nontrivial defect
only appears when char Kv = p > 0, in which case p = p. A henselian field (K, v)
is called a defectless field if all of its finite extensions are defectless.

The following lemma shows that the defect is multiplicative. This is a conse-
quence of the multiplicativity of the degree of field extensions and of ramification
index and inertia degree. We leave the straightforward proof to the reader.

Lemma 2.1. Take a valued field (K,v). If L|IK and M|L are finite extensions and
the extension of v from K to M s unique, then
In particular, (M|K,v) is defectless if and only if (M|L,v) and (L|K,v) are de-

fectless.

Lemma 2.2. Tuke a unibranched algebraic extension (K (a)|K,v) and an extension
of v from K(a) to the algebraic closure K. Denote by (K" v) the henselization of
(K,v) in (K,v). Then:

a) K(a)|K is linearly disjoint from K"K,

b) (K™(a)|K", v) is a defect extension if and only if (K (a)|K,v) is, and

c) via— K" =v(a - K).

Proof. Our first assertion follows from [2, Lemma 2.1]. For the proof of the second
assertion, recall that henselizations are immediate extensions, so we have vK" =

vK and K"v = Kv. Further, we have K"(a) = K(a)" since on the one hand,
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K"(a) is henselain, being an algebraic extension of K" and on the other hand,
it contains K (a). Hence, vK"(a) = vK(a) and K"(a)v = K(a)v. Since K (a)|K
is linearly disjoint from K"|K, we also have [K"(a) : K"| = [K(a) : K]. As an
algebraic extension of a henselian field, (K"(a)|K",v) is unibranched. It follows
that

d(K"(a)|K" v) = [K"(a): K"/(wK"(a) : vK")[K"(a)v : K"
= [K(a): K|/(vK(a) : vK)[K(a)v : Kv]
= d(K(a)|K,v).

This proves our second assertion.

Suppose that v(a — K") # v(a — K). Since v(a — K) is an initial segment of
vK = vK" this means that there must be some z € K" such that v(a — z) >
v(a — K). However, as K (a)|K is linearly disjoint from K"|K, we know from [16,
Theorem 2] that this cannot be true. This proves our third assertion. 0J

2.2. The ramification field.

In order to reduce the study of arbitrary finite defect extensions to purely insep-
arable extensions and Galois extensions of degree p = char Kv > 0, we fix an
extension of v from K to its algebraic closure K. The absolute ramification
field of (K,v) (with respect to the chosen extension of v), denoted by (K", v), is
the ramification field of the Galois extension (K*P|K,v). The ramification field
of a Galois extension (L|K,v) with Galois group G = Gal (L|K) is the fixed field
in L of the ramification group

(3) G" = {aEG‘JbbbGML foralleLX}.

If L|K is finite and (L|K,v) is a defect extension, then (L.K"|K" v) is a defect
extension with the same defect (see [23, Proposition 2.12]). On the other hand,
K®P|K" is a p-extension (see [14, Lemma 2.7]), so K"(a)|K" is a tower of purely
inseparable extensions and Galois extensions of degree p. Note that (K,v) =
(K", v) if and only if (K, v) is henselian, vK is divisible by all primes different from
char Kv, and Kv is separable-algebraically closed.

2.3. Immediate extensions.

An arbitrary extension (L|K,v) is called immediate if (vL : vK) =1 = [Lv :
K], i.e., the canonical embeddings vK < vL and Kv < Lv are onto. Throughout
this paper, when we talk of a defect extension (L|K,v) of prime degree, we will
always tacitly assume that it is a unibranched extension. Then it follows from (1)
that [L : K] = p = char Kv and that (vL : vK) =1 = [Lv : Kv], that is, (L|K,v)
is an immediate extension. Let us give more details about immediate extensions.

Lemma 2.3. Take an arbitrary extension (L|K,v) and b € L. Then there isc € K
such that v(b—c) > vb if and only if vb € vK and c'bv € Kv for every ¢ € K such
that vd'b = 0.

Proof. Assume first that v(b — ¢) > vb. Then vb = ve € vK and for any ¢ € K
such that ve’b = 0 we have v(cb — c¢) > 0 so that c'bv = dcv € Kv. Now assume
that vb € vK and d'bv € Kwv for every ¢ € K such that vdb = 0. Take ¢; € K such
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that ve; = vb and set ¢ = ¢;'. Then v’b = 0, hence by assumption, ¢'bv € Kwv.
Take ¢ € K such that ¢bv = cyv, so that v(c’b — ¢y) > 0. Multiplying with ¢; we
obtain v(b — c1¢3) > vey = vb. O

It follows that an extension (L|K,v) is immediate if and only if for all b € L
there is ¢ € K such that v(b—¢) > vb. This lays the basis for the proof of the next
theorem. For every extension (L|K,v) of valued fields and a € L we define

va—K) = {v(a—c)|ce K}.

The set v(a — K) NvK is an initial segment of vK. For more information on its
properties, see [19]. For the following theorem, see [8, Theorem 1] and [19, Lemma
2.29).

Theorem 2.4. If (L|K,v) is an immediate extension of valued fields, then for
every element a € L\ K the set v(a — K) is an initial segment of vK without
maximal element.

The following partial converse of this theorem also holds (see [1, Lemma 4.1], cf.
also [14, Lemma 2.21]):

Lemma 2.5. Assume that (K (a)|K,v) is a unibranched extension of prime degree
such that v(a — K) has no mazimal element. Then the extension (K(a)|K,v) is
immediate and hence a defect extension.

2.4. Higher ramification groups and ramification ideals.

Take a valued field extension £ = (L|K,v). Assume that L|K is a Galois extension,
and let G = Gal L|K denote its Galois group. We define the upper series of
ramification groups

ob—1b
b

where I runs through all O-ideals (cf. [35], §12). Note that G'oy, is the ramification
group of (L|K,v). Every G is a normal subgroup of G ([35] (d) on p.79). We call
G a higher ramification group if it is a subgroup of G, . We call £ a purely
wild extension if Gal L|K = G4, ; this matches the (more general) definition of
“purely wild extension” in [21].

(4) G = {aeG

el foralleLX},

The function
(5) @ : I — G[

preserves C, that is, if I C J, then G; C G;. As Oy is a valuation ring, the set
of its ideals is linearly ordered by inclusion. This shows that also the upper series
of ramification groups is linearly ordered by inclusion. Note that in general, ¢ will
neither be injective nor surjective as a function to the set of normal subgroups of G.
This gives rise to the task to dertermine the smallest ideal that is sent by ¢ to a
group Gy in its image. To this end, we define the Op-ideals

b—b b
6) Iy = (Ub |a€H,b€LX) - (%—1\aeH,beLX)
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and consider the function
(7) v: H w— Iy

from the set of all subgroups H of G to the set of all Op-ideals. Also 1 preserves
C and is in general neither injective nor surjective. However, it is easy to see that
G0y = {id} and Ijiqy = (0). If Iy is nontrivial and contained in M, , then we call
it a ramification ideal. We note:

Proposition 2.6. 1) For every Op-ideal I, the ramification group Gy is the largest
of all subgroups H' of G such that Iy C 1.

2) For every subgroup H of G, the ideal Iy is the smallest of all Op-ideals I' such
that H Q G[/ .

3) If I = Iy for some subgroup H of G, then I, = I. If H = G for some Op-ideal
I, then G, = H. Hence ¢ is an inclusion preserving bijection from the set of all
Op-ideals onto the set of all ramification groups, with 1 its inverse.

4) The function ¢ induces an inclusion preserving bijection from the set of all
ramification ideals onto the set of all nontrivial higher ramification groups, with its
inverse induced by 1.

5) A subgroup H of G is a higher ramification group if and only if it is a subgroup
of Gam, and for every subgroup H' of G we have H C H' = Iy C Iy .

6) An Op-ideal I is a ramification ideal if and only if it is nontrivial and contained
in My and for every Orp-ideal I' we have I' C I = G C Gy.

7) If £ = (L|K,v) is a nontrivial purely wild Galois extension, then Ig is its
largest ramification ideal. If in addition £ is of prime degree, then Ig is its unique
ramification ideal.

Proof. 1) and 2) follow directly from the definitions of G; and I .

3): If I = Iy, then it follows from part 1) that H C G;. Thus I = Iy C I, C I,
so Ig, = I. If H = G/, then it follows from part 2) that Iy C I. Thus H C Gy, C
Gr=H,soGy, =H.

4): If Iy is a ramification ideal, then Iy is nonzero and contained in My , hence
by part 3), H = Gy, € G, which is a nontrivial higher ramification group. This
shows that ¢ sends ramification ideals to nontrivial higher ramification groups.

If Gy is a higher ramification group, then Gy C G4, , hence again by part 3),
I'=lg Clg,, = My, and if Gy is nontrivial, then I = I, is nonzero. This
shows that ¢ sends nontrivial higher ramification groups to ramification ideals.
Now the assertion of part 4) follows from part 3).

5): It suffices to show that H is a ramification group if and only if it is a subgroup
of Gy, and for every subgroup H' of G we have H C H' = Iy C Iy .

Assume first that H is a ramification group, and take an Op-ideal I such that
H = Gy . Take a subgroup H' of G which properly contains G;. Then by part 1),
Iy =1Ig, C Iy .

For the converse, assume that H is a subgroup of GG such that for every subgroup
H' of G we have H C H' = Iy C Iy . By part 1), Gy, is the largest of all
subgroups H' of G such that Iy C Iy . Therefore Gy, = H, which shows that H
is a ramification group.
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6): It suffices to show that there is a subgroup H of G such that I = I if and
only if for every Op-ideal I’ we have I' C [ = G C Gy .

Assume first that I = Iy . Take an Op-ideal I’ properly contained in Iy . Then
by parts 2) and 3), Gy € H = Gy, = Gy

For the converse, assume that [ is an Op-ideal such that for every Op-ideal I’
we have I' C I = Gp € Gy. By part 2), I, is the smallest of all Op-ideals I’
such that Gy C G . Therefore I = I, .
7): Since £ is nontrivial, also G is nontrivial, which by definition of I implies that
I # (0). Since G = Gy, , we have I C M, . Thus I is a ramification ideal. As
1 preserves inclusion, I is the largest ramification ideal of €.

If in addition £ is of prime degree, then the only subgroups of G are G and {id}.

Since Iiqy = (0) is not a ramification ideal, I is then the unique ramification ideal
of £. O

The function
(8) v: I — X = {vb|0#£beT}

is an order preserving bijection from the set of all nontrivial, possibly fractional,
ideals of Op, onto the set of all nonempty final segments of vL. This set is again
linearly ordered by inclusion, and the function (8) is order preserving: J C [
holds if and only if 3; C ¥; holds. The inverse of the above function is the order
preserving function

9) Y= Iy :=={a€L|vaecX}uU{0}.
Now the ramification groups can be represented as

ob—1b

(Y

Gy = G[Z = {UGG

€ YU {oo} foralleLX},

where ¥ runs through all (possibly empty) final segments of (vL)>°.

Like the function (5), also the function ¥ — Gy is in general neither injective nor
surjective. We call a nonempty final segment ¥ of (vL)>°? a ramification jump
if and only if

Y g ¥ = Gy g Gy,
for every final segment ' of (vL)>°.

Proposition 2.7. Take a nontrivial purely wild Galois extension € = (L|K,v).
Then a nonempty final segment 3 of (vL)° is a ramification jump if and only if
I, is a ramification ideal.

Proof. First note that for every nonempty final segment 3 of (vL)>° the ideal I, is
nontrivial, and contained in M by our assumption on £€. Now a nonempty final
segment ¥ of (vL)”Y is a ramification jump if and only if for every nonempty final
segment X' of (vL)”° we have ¥’ C ¥ = G, C Gp,. This holds if and only if for
every nontrivial Op-ideal I’ we have I' C Iy, = Gy C Gy,. By Proposition 2.6,
this in turn holds if and only if Iy, is a ramification ideal. O

By Propositions 2.6 and 2.7, the number of ramification ideals and ramification
jumps in a purely wild Galois extension is bounded by the number of nontrivial
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subgroups of its Galois group. It may not always be equal to this number, as an
example given in Section 3.4 below will show.

In this paper we are particularly interested in the case where & = (L|K,v) is a
purely wild Galois extension of prime degree p. Then by Lemma 2.6, £ has the
unique ramification ideal Iy, and we denote it by Iz . Hence Y¢ := X, is the unique
ramification jump of £. As we will show in the next section, ramification jump and
ramification ideal carry important information about the extension (L|K,v).

Remark 2.8. In [23] we also included empty final segments in the definitions of
the function (8). However, classically ramification jumps have always been defined
as integers in the case of discrete valuations, and as real numbers in the case of
valuations of rank one, and the intended meaning of “jump” does not fit well with
the value v0 = cc. #

Further, we want to quickly discuss the lower series of ramification groups
(10) G ={oeG|ob—beclforallbe O}

(see [35], $12). Again, for every ideal I of O, G} is a normal subgroup of G ([35]
(d) on p.79), and G; C G%. But in the case of an immediate extension (L|K,v),
the two groups coincide, as follows from the next, more general, result:

Lemma 2.9. IfvL = vK, then Gy = GY for all nontrivial ideals I of Oy, contained
m ML .

Proof. 1t suffices to show that Gt C G;. Take o0 € G4 and f € O \ {0}. Since
vl = vK, we can pick some ¢ € K such that veb = 0. As o0 € G, we have that
o(cb) — cb € 1. Since veb = 0, it follows that

b—10 b) — cb
o :U(c) b

I.
b cb
This shows that o € Gy . O
2.5. Valuation bases.
Take a an extension (L|K,v). The elements by,...,b, € L are called valuation
independent (over K) if for all choices of ¢1,...,¢, € K,

n
v E cib; = minwvc;b; .
K]
i=1

If in addition these elements form a basis of L|K, then they are called a valuation
basis of (L|K,v). If the valuation basis contains 1, we will speak of a valuation
basis with 1.

Recall that (L| K, v) is defectless if it satisfies the fundamental equality [L : K] =
e-f, where e= (vL : vK) is the ramification index and f= [Lv : Kv] is the inertia
degree. In this case, (L|K,v) admits a standard valuation basis, which we
construct as follows: we take yq,...,y. € L such that vy, + vK, ... vy, + vK are
the cosets of vK in vL, and zy,...,2 € L such that zjv,..., 20 are a basis of
Lv|Kv. Then the products y;z;, 1 < i <e, 1 < j <f, form a valuation basis of
(L|K,v) (see [7, Lemma 3.2.2]). Note that we can always choose y; = z; = 1 so
that y;21 = 1. We will then speak of a standard valuation basis with 1.
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The next result has been shown in the proof of [14, Lemma 2.1].

Lemma 2.10. Toke an extension (L|K,v) of prime degree p. If for b € L, either
vb ¢ vK or there is some ¢ € K such that veb = 0 and cbv ¢ Kv, then 1,b, ..., 0P~!
forms a standard valuation basis with 1 of (L|K,v).

For the following, cf. [3, Proposition 3.4].

Lemma 2.11. Take a finite unibranched extension (L|K,v). Then the following
are equivalent:

a) is defectless,

b) (L|K,v) admits a valuation basis,

c) (L|K,v) admits a standard valuation basis,

d) (L|K,v) admits a standard valuation basis with 1.

Proof. Implication a)=-d) has just been shown above. Implications d)=-c) and
c)=-b) are trivial. For the implication b)=-a), see the proof of [3, Proposition 3.4].
]

In particular, for a finite unibranched defectless extension there is always a val-
uation basis with 1.

Lemma 2.12. Take a finite unibranched defectless extension (L|K,v) and a € L.
Then the set {v(a —¢c) | ¢ € K} has a mazimum. More precisely, if we choose a
valuation basis by = 1,by, ..., b, for (L|K,v) and write

n

a = Zcibi,

i=1
then v(a — ¢1) is the mazimum of {v(a —c) | c € K}.

Proof. For every ¢ € K,

n

via—c¢) = UZcibi = 2@121 veb; > min{v(ep —¢), veb; |2 < i <n}
i=2 =t=n
= 0 (cl — c+Zc,~bi> = v(a—c¢)
i=2

O

Corollary 2.13. Take a unibranched defectless extension (L|K,v) of prime degree
and ag € L. Then there is some ¢ € K such that for a = ag — ¢, the elements
1,a,...,a’~! form a valuation basis.

Proof. By Lemma 2.12 there is some ¢ € K such that v(ay — ¢) = max{v(ag — ¢) |
c € K}. By Lemma 2.3 this can only happen if either v(ag — ¢) ¢ vK or there is
some d € K such that vd(ag—c) = 0 and d(ag — c)v ¢ Kv. We set a = ag — ¢; then
in both cases, the elements 1, a, . .., a?~! form a valuation basis by Lemma 2.10. [

For a more general setting, see Lemma 2.10 and Corollary 2.11 of [3].



10 FRANZ-VIKTOR KUHLMANN

3. COMPUTATION OF RAMIFICATION IDEALS

3.1. Basic computations.

Proposition 3.1. Take a finite unibranched defectless Galois extension € = (L| K, v)
with Galois group G. Then every ramification ideal is principal.

Take a nontrivial subgroup H of G. We will prove the proposition by giving an
algorithm for the computation of an element b,,;, such that for some o € H,

(11) v (‘Zﬁ“ﬂ“ - 1) — min {v (%b - 1)

a

bmln

beLX,aeH},

which means that — 1 generates the ramification ideal (6).

Remark 3.2. This proposition was proven in 1970 by P. Ribenboim in [31]. Riben-
boim assumes that (L, v) has rank 1, that is, vL is archimedean ordered. Our com-
putations presented below are inspired by his. As they will show, the assumption
of rank 1 is not necessary.

A different version of the computation was presented by M. Marshall in [26].
He does not assume that (L, v) has rank 1, but that (K, v) is maximally complete
and that the extension Lv|Kw is separable. Because of the latter assumption,

v (% —1) =0 for all j and o #id and therefore, the elements b; are not needed
in the computation. The assumption that (K, v) is maximally complete means that
it has no nontrivial immediate extensions, and this implies that (K, v) is defectless

and henselian.

In [30] Ribenboim attempts to prove Proposition 3.1 for all non-discrete valua-
tions and all finite unibranched Galois extensions, but this is false. (We will present
counterexamples below.) Ribenboim’s mistake was noticed by J. L. Chabert. In
[31] Ribenboim then gives a correct proof of Proposition 3.1 for all finite defectless
unibranched Galois extensions in the case of rank one valuations. #

We shall now present computations that will not only prove the above proposi-
tion, but will also be used later for more advanced results. Let us start with some
useful basic principles.

Lemma 3.3. Let K be any field and take and o € Gal K3P|K.
1) For all a,b € K and c € K,

ocab oab oa ob oa ob
12) Tt =Sret= () (?—1) (G- (7‘1)'

2) Assume that v is a valuation on KP and that a € K*P is such that v (%’ — ) >
0. Take v € N and assume that © < char K if char K > 0. Then

(13) v<";—1> :U(?q).

Proof. 1): We leave the straightforward proof to the reader.

2): By our assumption on i, we have vi = 0. Using this together with equation
(12), one proves equation (13) by induction on i. O
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Further, we will need the following fact.

Lemma 3.4. Take a valued field extension (L|Lg,v) and pick elements ay, ..., a, €
Lg. Assume that the elements by, ..., b, € L are valuation independent over Lg
and set

=1

Then for each embedding o : L — L,

(15) v (%b - 1) > miinv (Uacjil - 1) :

If in addition o is trivial on all b; , then 2> — 1 lies in the Op-ideal generated by
the elements <% — 1.

a;

Proof. We have

ob aaibi aibi
1 1 = —-1)- )

Since vb < va;b; for 1 < i < n, this implies (15) and that 2> — 1 lies in the Op-
ideal generated by the elements "a"’b i — 1. If in addition ob; = bz, then "a‘%? 1=
oo _ 1, O

We note that if (L|K,v) is a unibranched Galois extension, then for every o €
Gal L|K and b € L%,

b
(17) %—1 € 0,.

Lemma 3.5. Assume that (L|K,v) is is a finite purely wild Galois extension. Then
for every o € Gal L|K and all a,b € L*,

b
(18) %—1EML

and

(19) U(UC(;C;)Z’—Q 2min{v<%a—1),v(%b—l)},

with equality holding if v (% — 1) # v (%” — )

Proof. Equation (18) holds since by the definition of “purely wild extension”,
Gal L|K = G, . Equation (19) follows from equation (18). O

Proposition 3.6. Assume that £ = (L|K,v) is a finite unibranched Galois exten-
sion with Galois group G.

1) Assume that € is defectless and choose a valuation basis b;, 1 < i < n. Set

(20) v = min {u (Ubb - 1)

1§i§n,J€G}.
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Then v > 0 and

(21) fy:min{v(%b—l)'bELx,aeG}.

Hence by, can be chosen to be b; for suitable 1.

2) Assume in addition that € is purely wild and choose a standard valuation basis
vizi, 1 <i1<e, 1<j<fof (LIK,v) as described in Section 2.5. Then (21) holds
for

(22) v := min{v(ayi—l),v(ﬁ— )‘1§z‘§e,1§j§f,aeG}.

Yi Zj
3) Assume in addition that & is purely wild and that Ly is an intermediate field of

E such that & = (L|Lo,v) is defectless and that b;, 1 <i < n is a valuation basis
of (L|Lo,v). Define v as in (20). Assume further that there is vy € vL such that

(23) v(a—a—1>2% foralla € L and o € G .
a
Then
(24) v(%b—l) > min{yo, v} forallbe L™ ando € G.

If “>7 holds in (23) and v < vy, then

(25) vzmin{v<%b—1)‘b€LX,0€G}.

Proof. 1): It follows from (17) that 7 > 0. We apply Lemma 3.4 with Ly = K, so
oa =a for a € Ly. Take b € L and write it in the form (14). Then (15) reads as

v (%b — 1) > rniinv (szjz — 1) )
This proves (21).

2): Take b € L and write it in the form b =}, . ¢;;y;2;. Part 1) together with (19)
shows that for all b € K,

b o
U(U——l) > min{v<%—1>‘1§z’§e,1§j§f,a€G}
b Yizj

= min{v(ayi—1>,v<ﬁ— )‘1§i§e,1§j§f,a€G},
Yi Zj

which proves our assertion.

3): Take b € L and write it in the form (14). Using (15) together with (19), we
obtain:

v(%b—1> > min{v(izzl:i—1>
() ()
= min<s v —1],v —1

a; bZ

= min{’yOa ,Y} )
which proves (24).

aiELg,lgign,aeG}

aieLg,lgign,aEG}
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Now assume in addition that “>" holds in (23) and that v < 7. Then

v (ﬂ — 1) > 7y
a
for all 0 € G and a € L] . Together with (24) and the definition of ~, this implies

(25). O

Proof of Proposition 3.1:
With v as in part 1) of Proposition 3.6, equation (21) yields Ig = (a € L | va > ),
which is principal.

Now take any nontrivial subgroup H of G and denote its fixed field in L by K’.
Then also L|K’ is a finite unibranched Galois extension, by Lemma 2.1 it is again
defectless, and its Galois group is H. Hence by what we have just shown, also Iy
is principal. This proves our proposition. 0

Finally, we prove a generalization of a fact that has been used in [32, Section 7.1].
For information on tame and purely wild extensions, see [17, 21].

Proposition 3.7. Take a henselian field (K,v), a finite purely wild Galois exten-
sion (L|K,v) and a tame extension (K'|K,v). Then with the unique extension of

v to the compositum L' = L.K', also (L'|K’,v) is a purely wild Galois extension of
degree [L : K|, and

(26) I — 10
is a bijection between the ramification ideals of (L|K,v) and those of (L'|K',v).

Proof. The extensions L|K and K'|K are linearly disjoint and therefore, L'|K’ is
a Galois extension with its Galois group G isomorphic to the Galois group of L|K
via the restriction of its elements to L. Every finite subextension (Kj| K, v) is again
tame, and so is (Lj|L, v) for the field compositum L{j = L.K{. Hence the extension

(Ly|L,v) admits a valuation basis by, ..., b, .
Each element b € L' already lies in the compositum Lj = L.K| for a finite
subextension K| K of K'|K, so it can be written asb =Y, .. a;b; with by ,...,b,

a valuation basis of (L{|L,v) and suitable elements a; € L. Hence by Lemma 3.4
with Lj in place of L and L in place of Ly, %b — 1 lies in the Or;-ideal generated
by the elements "a—“ -1
Now take a ramification ideal I = Iy of (L|K,v) where H is a nontrivial subgroup
of G. If b € L' is written as above and o € H, then since 2% — 1 € Iy, we obtain
that Z
ob

(27) 7—1 S [HOL{) - IHOL/.

This shows that the ramification ideal I}, of (L'|K’,v) is a subset of I5Op,. On the
other hand, since L C L’ it is immediate from the definition that Iy C I}, . Thus,

IHOL/ = I}] .

This proves that the function (26) sends ramification ideals of (L|K,v) to ramifi-
cation ideals of (L'|K’,v). It also shows that I}, is the collection of all elements
in L' whose value is not less than the value of some element in Iy . This implies
that I}, N Oy is the collection of all elements in L whose value is not less than the
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value of some element in Iy . In other words, I, N O = IO = Iy . Hence,
Iy O N Op = Iy, which proves that the function (26) is a bijection. O

Remark 3.8. In [32, Section 7.1] only the special case is considered where (K, v)
is a henselian field of mixed characteristic, L|K has prime degree p and K' =
K (¢,) where ¢, is a p-th root of unity. The latter implies that (K’|K,v) is a tame
extension. This case is of interest when L| K, though being Galois, is not a Kummer
extension, since L'| K’ will be a Kummer extension. #

With a proof adapted from the one of the previous proposition, the following
can be shown:

Proposition 3.9. Take a henselian field (K, v), a finite immediate Galois exten-
sion (L|K,v) and an extension (K'|K,v) for which every finite subextension is
defectless. Then with the unique extension of v to the compositum L' = L.K', also
(L'|K',v) is an immediate Galois extension of degree [L : K|, and (26) is again a
bijection between the ramification ideals of (L|K,v) and those of (L'|K’,v). O

3.2. Ramification ideals and defect.

Take a Galois defect extension £ = (L|K,v) of prime degree p with Galois group
G. For every o € G\ {id} we set

(28) Sy = {U("bb_b>' beLX} .

The next theorem follows from [23, Theorems 3.4 and 3.5] together with Theo-
rem 2.4.

Theorem 3.10. For every generator a € L of £ and every o € G\ {id},
(29) Yo = —v(a—K)+v(a—o0ca),

and this set is a final segment of vK~° = {a € vK | a > 0} without a smallest
element. Moreover, ¥, does not depend on the choice of o € G \ {id}, and G is
the unique ramification group of €.

Our theorem shows that for every Galois defect extension of prime degree, the
set (29) is independent of the choice of a and o, so we denote it by X¢ .

Corollary 3.11. In the situation of Theorem 3.10, the unique ramification ideal
of € = (L|K,v) is the nonprincipal ideal

(30) I ::IESZ(00a_a|c€K):(M—1|ceK),

a—c a—c
where oq is any generator of G and a is any generator of L|K.

Proof. This follows from Theorem 3.10. Since >¢ has no smallest element, showing
that I5, does not contain an element of smallest value and is thus nonprincipal.

In what follows, let (L|K,v) be a finite unibranched Galois extension. Denote its
ramification field (“Verzweigungskorper” in German) by V. Assuming that V' # L,
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we wish to investigate the ramification ideals of the Galois extension (L|V,v). Since
Gal L|V is a p-group, L|V is a tower

(31) V=KyCc..CK,=1

of Galois extensions of degree p such that each extension K;|V is again a p-
extension, 1 < i < n. By the multiplicativity of the defect, (L|K,v) is a defect
extension if and only if at least one extension of degree p in the tower is a defect
extension.

Proposition 3.12. If the extension (L|K,v) is such that for some i < n the exten-
sion (K| K;—1,v) in the tower (31) is not defectless, then the smallest ramification
ideal of (K;|K,v) is nonprincipal. In particular, if (K,|K,_1,v) is not defectless,
then the smallest ramification ideal of (L|K,v) is nonprincipal.

Proof. After replacing K; by L if necessary, it suffices to prove the second assertion.
Set H = Gal K,|K,,—1 C GalL|K. We know that [y is a ramification ideal of
(L|K,v). It is the smallest since H has no nontrivial subgroup. As it is at the
same time the unique ramification ideal of the extension (K,|K,_1,v) by part 7)
of Proposition 2.6, we know from Corollary 3.11 that it is nonprincipal. ([l

Theorem 3.13. Take a finite unibranched Galois extension (L|K,v). The ex-
tension is defectless if and only if for every Galois subextension (L'|K,v) every
ramification ideal is principal.

Proof. First assume that (L|K,v) is defectless. Then by the multiplicativity of the
defect, also every Galois subextension is defectless, and it is again unibranched.
Hence by Proposition 3.1, each of its ramification ideals is principal.

Now assume that (L|K,v) is not defectless. Then at least one of the extensions
(K| Ki—1,v) in the tower (31) is not defectless. Setting L' = K, we obtain that
L'|K is a Galois extension, and we can infer from Proposition 3.12 that not every
ramification ideal of (L'|K,v) is principal. O

Proposition 3.12 and Theorem 3.13 are best possible, as shown by Proposi-
tion 3.20 below.

3.3. Unibranched Galois extensions of prime degree.

A Galois extension of degree p of a field K of characteristic p > 0 is an Artin-
Schreier extension, that is, generated by an Artin-Schreier generator v/ which
is the root of an Artin-Schreier polynomial X? — X — ¢ with ¢ € K. A Galois
extension of degree p of a field K of characteristic 0 which contains all p-th roots
of unity is a Kummer extension, that is, generated by a Kummer generator
n which satisfies n? € K. For these facts, see [25, Chapter VIII, §8].

If (L|K,v) is a Galois defect extension of degree p of fields of characteristic 0,
then a Kummer generator of L|K can be chosen to be a 1-unit. Indeed, choose any
Kummer generator 7. Since (L| K, v) is immediate, we have that vn € vK(n) = vK,
so there is ¢ € K such that ve = —vn. Then vne = 0, and since nev € K(n)v = Ko,
there is d € K such that dv = (ncv)™!. Then v(ned) = 0 and (ned)v = 1. Hence
ned is a 1-unit. Furthermore, K(ned) = K(n) and (ned)? = nPcPdP € K. Thus we
can replace 1 by ncd and assume from the start that n is a 1-unit. It follows that
also n? € K is a 1-unit.
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Throughout this article, whenever we speak of “Artin-Schreier extension” we
refer to fields of positive characteristic, and with “Kummer extension” we refer to
fields of characteristic 0.

3.3.1. The defectless case.

The following proposition is taken from [4]. For the convenience of the reader, and
as an illustration of the usefulness of Lemma 2.12, we include its proof here.

Proposition 3.14. 1) Take a valued field (K,v) of equal positive characteristic p
and a unibranched defectless Artin-Schreier extension (LK, v).

If {(L|K,v) = p, then the extension has an Artin-Schreier generator ¥ of value
v < 0 such that Lv = Kv(édv) for every ¢ € K with véd = 0; the extension
Lv|Kv is separable if and only if v = 0.

If e (L|K,v) = p, then the extension has an Artin-Schreier generator ¥ such that
vL = vK + Zvv. FEvery such 9 satisfies v} < 0.

2) Take a valued field (K,v) of mized characteristic and a unibranched defectless
Kummer extension (L|K,v) of degree p = char Kv. Then the extension has a
Kummer generator n such that:

a) if £(L|K,v) = p, then either nu generates the residue field extension, in which
case it is inseparable, or n is a 1-unit and for some ¢ € K, ¢(n— 1)v generates the
residue field extension;

b) if e(L|K,v) = p, then either vn generates the value group extension, or n is a
1-unit and v(n — 1) generates the value group extension.

Proof. 1): Take any Artin-Schreier generator y of (L|K,v). Then by Lemma 2.12
there is ¢ € K such that either v(y — ¢) ¢ vK, or for every ¢ € K such that
vé(x —c¢) = 0 we have é(y — c)v ¢ Kwv. Since p is prime, in the first case it
follows that e (L|K,v) = p and that v(y — ¢) generates the value group extension.
In the second case it follows that f(L|K,v) = p and that é(y — ¢)v generates the
residue field extension. In both cases, ¥ = y — ¢ is an Artin-Schreier generator. Let
W—-1d=be K.

Assume that {(L|K,v) = p. If vd < 0, then v(9” —b) = vd > pvd = VP,
whence v((¢0)P — &b) = vePy > v(éI)P for ¢ € K with véd) = 0 and therefore,
(¢¥)Pv = bv € Kwv. In this case, the residue field extension is inseparable. Now
assume that v > 0 and hence also vb > 0. The reduction of X? — X —b to Kv[X]
is a separable polynomial, so Lv|Kv is separable. The polynomial X? — X — bv
cannot have a zero in Kwv, since otherwise the p distinct roots of this polynomial
give rise to p distinct extensions of v from K to L, contradicting our assumption
that (L|K,v) is unibranched. Consequently, bv # 0, whence vb = 0 and vd = 0.

Assume that e (L|K,v) = p. If v > 0, then vb > 0 and Jv is a root of
XP — X — bu. If this polynomial does not have a zero in Kv, then vv generates a
nontrivial residue field extension, contradicting our assumption that e (L| K, v) = p.
If the polynomial has a zero in Kwv, then similarly as before one deduces that
(L|K,v) is not unibranched, contradiction. Hence vi < 0.

2): Take any Kummer generator y of (L|K,v). If there is a Kummer generator
n such that vn ¢ vK, then it follows as before that e (L|K,v) = p and that vn
generates the value group extension. Now assume that there is no such 7.
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If there is a Kummer generator y and some ¢ € K such that vcy = 0 and
cyv ¢ Kwv, then it follows as before that f(L|K,v) = p and that ¢yv generates
the residue field extension. We set n = ¢y and observe that also 7 is a Kummer
generator. Since (nv)? € Kv, Lv|Kwv is purely inseparable in this case.

Now assume that the above cases do not appear, and choose an arbitrary Kum-
mer generator y of (L|K,v). Consequently, we have that vy € vK and ¢éyv € Kv
for all ¢ € K with véy = 0. Then as described at the start of this section, there
are ¢y, o € K such that cacqy is a Kummer generator of (L| K, v) which is a 1-unit.
We replace y by cacy1y.

By Lemma 2.12 there is ¢ € K such that v(y—c) is maximal in v(y— K') and either
v(y —¢) ¢ vK or there is some ¢ € K such that vé(y — ¢) = 0 and é(y — c)v ¢ K.
Since y is a 1-unit, we know that v(y—1) > 0, hence also v(y—c¢) > 0 = vy, showing
that also ¢ is a 1-unit. Then 7 := ¢!y is again a Kummer generator of (L|K,v)
which is a 1-unit. Since ve = 0, we know that v(n — 1) = ve(n — 1) = v(y — ¢).
Hence if v(y — ¢) ¢ vK, then v(n — 1) generates the value group extension.

Now assume that there is ¢ € K such that vé(y — ¢) = 0 and é(y — c)v ¢ K.
Since ¢ is a l-unit, it follows that vé(n — 1) = vée(n — 1) = vé(y — ¢) = 0 and
¢(n— 1w = cée(n — 1)v = é(y — ¢)v. We find that é(n — 1)v generates the residue
field extension. 0

From this proposition we deduce:
Theorem 3.15. Take a unibranched defectless Galois extension (L|K,v) of prime
degree p.

1) If € = (L|K,v) is an Artin-Schreier extension, then it admits an Artin-Schreier
generator ¥ of value v < 0 such that 1,9,...,9°~! form a valuation basis for
(L|K,v). The element by, as in (11) can be chosen to be 9, so that

(32) I = (%) |

We have I¢ = Op, if and only if v = 0, and this holds if and only if Lv|Kv is
separable of degree p.

2) Let £ = (L|K,v) be a Kummer extension. Then there are two cases:

a) (L|K,v) admits a Kummer generator n such that vyp >0 and 1,n,..., 7"~ form
a valuation basis for (L|K,v). In this case, by can be chosen to be n and we have

Ve =v(G — 1) and
(33) Ie = (G, —1).
b) (L|K,v) admits a Kummer generator n such that n is a 1-unit with v(n — 1) <

v((—1) and 1,n—1,...,(n—1)P"" is a valuation basis for (L|K,v). In this case,
bmin can be chosen to be n — 1 and we have v¢ = v({, — 1) —v(n — 1) and

(34) e = (%) |

We have Ig = O, if and only if v(n — 1) = v({, — 1), and this holds if and only if
Lv|Kwv is separable of degree p.
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Proof. Throughout the proof we use part 1) of Proposition 3.6,

1): By part 1) of Proposition 3.14 there exists an Artin-Schreier generator ¢ of
value v < 0 such that v generates the value group extension, or véld = 0 and
Lv = Kv(cdv) for some ¢ € K. By Lemma 2.10, it follows that 1,7,...,977 ! is a
valuation basis for (L|K,v).

If v < 0, then

(35) v(%q):v(aﬁﬁ_ﬁ):—wzq}(%) >0

for every o € Gal L|K \ {id} since then o9 — ¢ € F, \ {0}. Hence by Lemma 3.3,
for 1 <7 <p—1 we have

() (3 ) )

This proves that by, can be chosen to be ¥ in this case.

If v = 0, which by part 1) of Proposition 3.14 holds if and only if Lv|Kwv is
separable of degree p, then

() -o(2) -

and as the value v defined in (20) is non-negative, this is equivalent to Iz = Oy, .

2): By part 2) of Proposition 3.14 there exists a Kummer generator 7 such that
either

a) vn generates the value group extension, or nv generates the residue field exten-
sion, or

b) 1 is a 1-unit and v(n — 1) generates the value group extension or for some ¢ € K,
¢(n — 1)v generates the residue field extension.

We first consider case a). By Lemma 2.10, it follows that 1,7,...,777! is a
valuation basis for (L|K,v). If vn generates the value group extension, we can
assume that vn > 0 because if vn generates the value group extension, then so does
o~ For1<j<p-—1,

: | ki — i
U(O-U—T—l) = U(Un]ﬂ;n]) _ v(@ﬂ?ﬁj 77) = o —1) = v(,—1)

for some k € N; the last equation holds since v(¢ — 1) = vp/(p — 1) for every
primitive p-th root of unity (cf. [4, Lemma 2.5]). This proves that in case a), buyin
can be chosen to be 7 and we have v¢ = v((, — 1).

Now we consider case b). Again by Lemma 2.10, 1,7 —1,...,(p — 1)P"! is a
valuation basis for (L|K,v). Since vn = 0, we have

v ("n”__ll - 1) S ("77’7__1”) = 06 —1)—v(n—1).

This value must be non-negative since it is not less than v¢ . If it is equal to 0, then
it must be equal to v¢. If it is positive, then we can apply Lemma 3.3, obtaining
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that for 1 <57 <p—1,

(o) = (G

and consequently, this value is again equal to ¢ . Hence in case b), by, can be
chosen to be n — 1 and we have ¢ = v((, — 1) —v(n —1). We have Iz = Oy, if and
only if the ramification field of (L|K,v) is equal to L, which means that p does not
divide e (L|K,v) and Lv|Kv must be separable. Since (L|K,v) is assumed to be
unibranched and defectless of degree p, this can only hold if and only if Lv|Kv is
separable of degree p. O

Remark 3.16. Equation (34) also holds in case 2 a) of the previous theorem since
in this case, v(n — 1) = 0. Indeed, in that case we have vn >0, and 1,7,..., 7"~}
form a valuation basis for (L|K,v). If vn > 0, then v(n — 1) = 0. If vn = 0, then
L,no,...,(nv)P~! form a basis of Lv|Kwv, so nu # 1, whence v(n—1) = 0 again. #

3.3.2. The defect case.

The next results follow from Corollary 3.11 and are part of [23, Theorems 3.4
and 3.5].

Theorem 3.17. Take a Galois defect extension € = (L|K,v) of prime degree with
Galois group G. If (L|K,v) is an Artin-Schreier defect extension with any Artin-
Schreier generator 9, then

(36) Ye = —v(¥—K).
If K contains a primitive root of unity ¢, and (L|K,v) is a Kummer extension with
Kummer generator n of value 0, then

vp

(37) Eszv(ép—l)—v(n—f()zp_l—v(n—K)-

Theorem 3.18. Take a Galois defect extension € = (L|K,v) of prime degree p.
1) If (L|K,v) is an Artin-Schreier extension with Artin-Schreier generator ¥, then

1
Ig = K

1
= (5 | b an Artin-Schreier generator of L|K) :

2) Let (L|K,v) be a Kummer extension with a Kummer generator n which is a
1-unit, and ¢, a primitive p-th root of unity. Then

-1
I = (Cp | ce K al—unit)
n—c

-1
(%—1 | b a Kummer generator of L|K which is a 1—um’t) .
Proof. 1): The first equation follows from equation (30) of Corollary 3.11, where
we take oy such that g9 =19 4+ 1. The ideal on the right hand side of the second
equation contains the ideal on the right hand side of the first equation because 9 —c
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is again an Artin-Schreier generator for every ¢ € K. Further, by Corollary 3.11
the ideal on the right hand side of the second equation is contained in I¢. Hence
the second equation follows from the first.

2): The first equation follows from equation (30) of Corollary 3.11, where we take
oo such that ogn = (,n, because then og(n —¢) — (n — ¢) = ({, — 1)n and we can
drop 7 since it is a unit. Further, we can restrict ¢ to 1-units since if ¢ is not a

1-unit, then v(n —¢) <0 < wv(n—1) and % € (%)

When cis a 1-unit, then n —c = ¢(2 — 1), the quotient b = % is again a Kummer
generator which is a 1-unit, and we can drop the unit factor ¢. This shows that the
ideal on the right hand side of the second equation contains the ideal on the right
hand side of the first equation. Further, by Corollary 3.11 the ideal on the right
hand side of the second equation is contained in Ig. Hence the second equation

again follows from the first. O

3.4. An example.

We are going to give an example of a Galois defect extension (L| K, v) of degree p?,
p = char K > 0, which is a tower of two Galois extensions of degree p, the upper
one defectless and the lower a defect extension, but has only one ramification ideal,
this being principal.

We will construct a tower of two Galois extensions L|Ly and Lg|K of degree
p = char K. We need a criterion for L|K to be Galois. We set p(X) := X? — X.
The following is Lemma 2.9 in [27]:

Lemma 3.19. Take Artin-Schreier extensions L|Ly and Lo|K, and an Artin-
Schreier generator ¥ of L| Ly with 9 —9 =b € Ly. Then L|K is a Galois extension
if and only if oob — b € p(Lg) for some generator o of Gal Ly| K.

Consider the rational function field ﬁ;(t) with the t-adic valuation v = v, . Ex-

tend v to its algebraic closure and let Ky = F,(t)" be the respective ramification
field. Then vKj is a subgroup of Q divisible by each prime other than p, but vt
is not divisible by p in vKj,. Choose a strictly increasing sequence (g;);en in vKj
with upper bound —1/p and starting with ¢ = —1. Define

s = M€ F((tY)).
ieN
Take (K, v) to be the henselization of (Ky(s),v).
Let 9y be a root of the Artin-Schreier polynomial X? — X — s. Define

k
Cr = thi € K.
=1

We compute:

V(0o — )’ = v — ) = v+ s— ) = min{vdg,v(s — )} .
Since vs = —put < 0, we have vi)y = —vt. Further, v(s—c}) = pgp1vt < —vt since
qrr1 < —1/p. Tt follows that v(dy — cx)? = pqry1vt, so that v(Jy — cx) = qer1vt.

This increasing sequence of values is contained in v(dJg — K). It must be cofinal,
showing that v(Jy — K) has no maximal element, because the pseudo Cauchy
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sequence (¢x)reny has no limit in (K, v). It thus follows from Lemma 2.5 that
for Ly := K(v), the extension & := (Lo|K,v) is immediate and thus a defect
extension. From Theorem 3.17 we know that

vlg, = —v(vy— K),

which has no minimal element and lower bound v := vt/p ¢ vlg, . Hence Ig, is
nonprincipal. However, we will construct the extension (L|K,v) such that Ig, is
not a ramification ideal of it.

Let ¥ be a root of the Artin-Schreier polynomial X? — X — 9y, and set L :=
Lo(¥) = K(¥Yy,9). Since vy = —vt < 0, We have v} = —vt/p ¢ vK = vly.
Hence by Corollary 2.13, the elements 1,4, ...,97~! form a valuation basis of £ =
(L|K (V) v), showing that this extension is defectless. By part 1) of Theorem 3.15,

1
Ie, = (=
&1 (19)7

so the minimum of vlg, is —vY = vt/p = 7, which is smaller than the values of all
elements of vlg, .

Since ¥P — 1 = 1y, we have L = K (). To show that L|K is a Galois extension,
take some generator og of Gal Lo|K. Since oty is also a root of X?— X —s, we have
ooty — Vo = ¢ for some i € F,. As K contains F,, it contains the Artin-Schreier
roots of ¢, i.e., i € p(K) C o(Ly). Now Lemma 3.19 shows that L|K is a Galois
extension. However, by Corollary 2.10 of [27] it is not cyclic, and the discussion
leading up to this corollary shows the following. Take o € G = Gal L|K such that
oy —Ug = 1. Then ¢ := o0 — ¥ satisfies (¥ — ¢ = 1 and is therefore an elment
of F, C Ky. Further, take 7 € G such that 79 — ¢ = 1. Then 7 is trivial on L
and ¢ and 7 commute. Thus the subgroups of GG of order p are generated by the
automorphisms 7 and o7%, 0 < i < p — 1.

Let us first consider the subgroup (7) of G. Since (1) = Gal L| Ly, the ramification
ideal I;) is the ramification ideal I¢, of the extension & .

Let us now consider the subgroups (o7*) of G, for 0 <7 < p—1. Since 7 is trivial

on Ly, the restrictions of all elements of each subgroup (o7*) form the Galois group
of & . Therefore,

(38) v(ﬁ—1> > v forallae€ L] and p € Gal&, .
a
For 1 <k < p—1we have (o7))% = o7 and
oF 9 -9 = kC+ik € F,

hence v(a*r*9 — ) = 0 and

v(g; —1> = —vd = 7.

Applying part 2) of Lemma 3.3, we find that for 1 </ <p—1,
kit

Now we can apply part 3) of Proposition 3.6 to deduce that (25) holds with (o7*)
in place of G. This shows that also the ramification ideals I, are equal to Ig, .
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Finally, since Gal L|K is the union of all subgroups listed above, it follows that
(25) also holds for G = Gal L|K. Hence, I = I¢, . We have now proved:

Proposition 3.20. There are Galois extensions of degree p* of valued fields in
equal characteristic p that have only one ramification group, and this ramification
group s principal although the extension is not defectless.

The connetion between the number of ramification ideals in a finite Galois ex-
tension and its depth is studied in [28]. For the notion of depth, see [27].
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